Analytical Framework of Beamwidth Selection for RT-ICM Millimeter-Wave
  Clusters by Yaman, Yavuz & Spasojevic, Predrag
1Analytical Framework of Beamwidth Selection for
RT-ICM Millimeter-Wave Clusters
Yavuz Yaman, Student Member, IEEE, and Predrag Spasojevic, Senior Member, IEEE
Abstract—Beamforming for millimeter-wave (mmWave) com-
munications is well-studied in the physical layer (PHY) based on
the channel parameters to develop optimum receiver processing
techniques. However, even before signal processing, antenna
structure and radiation parameters affect the beamforming
performance primarily. For example, in contrast to common
belief, narrow beamwidth may result in degraded beamforming
performance. In order to address the impairments such as beam
misalignments, outage loss, tracking inability, blockage, etc.,
an optimum value of the beamwidth must be determined. In
this paper, assuming a communication system that creates a
beam per cluster, we theoretically investigate the beamwidth and
received power relation in the cluster level mmWave channels.
We adopt uniform linear array (ULA) antenna structure and
formulate its antenna gain with respect to the beamwidth. Two
beam models are considered for the main lobe of the array
pattern, rectangular and triangular, to approximate the best
and worst scenarios, respectively. For the channel, we derive
beamwidth-dependent extracted power expressions for two intra-
cluster channel models, IEEE 802.11ad and our previous work
based on ray-tracing (RT-ICM). Combining antenna and channel
gains, in case of a beam misalignment, we find that the optimum
beamwidth that maximizes the received power is larger than
the alignment error when the error itself is larger than the
standard deviation of the cluster power-angle spectrum. Once
the alignment error is smaller than the standard deviation, we
confirm that the optimum beamwidth converges zero. Performing
asymptotic analysis of the received power, we give the formulation
and insights that the practical nonzero beamwidth values can be
achieved although sacrificing subtle from the maximum received
power. Our analysis shows that to reach %95 of the maximum
power for an indoor mmWave cluster, a practical beamwidth of
7◦−10◦ is enough, which can be created with 18−20 antenna
elements. In the simulation section, we show that the expressions
given by the analysis match to the simulated results.
Index Terms—millimeter wave, beamforming, intra-cluster, 60
GHz, 28 GHz, spatial filtering, power angle profile, antenna arrays,
beamwidth
I. INTRODUCTION
M ILLIMETER-wave (mmWave) communication has sev-eral advantages over the current wireless bands such
as higher throughput, lower latency, reduced interference, and
increasing network coordination ability. Nevertheless, high
path loss is the significant drawback of mmWave channels. To
overcome, beamforming is proposed as a substantial solution
with the availability of large array usage in a small-scale area.
On the other hand, due to the sparse nature of mmWave
channels, clusters are generally spatially-separated [3]. That
further allows creating a beam for each cluster, both in the
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transmitter and the receiver end which, in turn, yields in-
creased performance in multi-input-multi-output (MIMO) and
massive MIMO applications [17]. Significant contribution is
published for the receiver processing aspect of beamforming,
including optimum transmitter and receiver design [1] with
array antennas and beamforming protocols [2]. However, max-
imizing the beamforming efficiency can be challenging due to
the misalignments, weak tracking ability, blockages, outage
loss, etc. which requires channel knowledge in the angular
domain. Specifically, beams with non-optimized beamwidths
may increase inter-beam interference and wasted energy, i.e.
outage rate, or even cause a link failure easily when combined
with beam misalignment. As a result, while the requirement
of the accuracy on the beam alignment to the cluster angle
of arrival (AoA) is unquestionable, selecting an appropriate
beamwidth is also essential in the mmWave system networks.
Several measurements are already conducted in mmWave
communications and prove that beamwidth has a critical effect
on the channel parameters. In [5]–[7], antenna directivity
(indirectly beamwidth) dependency to the delay and angle
spread of the link is investigated at 28, 38 and 60 GHz. [8],
[13] conduct some outdoor experiments at 28 and 38 GHz
with different beamwidth antennas and measure the incurred
path loss. [4] provides similar outdoor LOS and NLOS tests
and collect data of captured energy (received power) for
several beamwidth values at 28 and 40 GHz. Both experiments
show that wider beams have better performance, i.e. capture
more energy and experience less path loss. In [14], optimum
beamwidth is measured in case of blockage occurs within the
channel where wider beamwidths are provided based on beam
expansion. While the nonnegligible effect of the beamwidth on
mmWave communications is demonstrated with several other
measurement results, on the other hand, very few beamwidth
analyses on the performance metrics are proposed so far. In
[12], it is shown that there is an optimal non-zero beamwidth
(around 5◦) that maximizes the coherence time of the time-
varying vehicular channel at 60 GHz. In [11], analysis results
show that 10◦ beamwidth has better coverage, less interference
compared to 30◦ for mmWave cellular networks. A more
related work [10] studies AoA estimation error effects on bit-
error-rate (BER) with different beamwidths for the clustered
channel model. Finally, a detailed analysis of the link between
the channel angular dispersion and the antenna structure is
given in [9]. However, the channel is simply assumed to be
Rician and no clustering approach is adopted as generally seen
in mmWave channels. To the best of authors’ knowledge, a
detailed theoretical analysis of the beamwidth and received
power relation in the case of misalignment for clustered
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2mmWave channels is not studied.
In this paper, we provide an analytical framework for the
optimum beamwidth that maximizes the received power for
indoor mmWave clusters, in the case of misalignment. We
first give the relation between beamwidth and the captured
power from the cluster. To do so, we use two different intra-
cluster channel models, IEEE 802.11ad [16] and our previous
work, RT-ICM [18]. Then, we combine it with the antenna gain
at an arbitrary cluster AoA and provide an overall received
power and beamwidth relation. In the analysis, we consider
the uniform linear array (ULA) antenna type for the antenna
gain, and two beam models to approximate the main lobe array
pattern; rectangular and triangular. We show that when the
misalignment error is smaller than the standard deviation of
the cluster power spectrum, the optimum beamwidth is at zero,
while the theoretical maximum received power approaches
to a constant. For this case, we give practical limits of
the optimum beamwidth with the relation to the number of
elements such that sacrificing from the maximum received
power in the order of tenths can reduce the required number of
antenna elements significantly. However, when the alignment
error is larger than the standard deviation, we show that the
optimum beamwidth increases rapidly to a level larger than the
alignment error. Finally, we evaluate the performance of the
analysis by comparing the analytical results with simulations
for an indoor mmWave cluster. The work we propose in this
paper will give insights to the optimum antenna array design
in both MIMO and massive MIMO applications for future
mmWave systems network.
The rest of the paper is organized as follows. In Sec. II, the
overall problem is defined analytically and RT-ICM is sum-
marized. In Sec. III, the relation between the beamwidth and
the antenna structure is given. Sec. IV studies the beamwidth
effect on the channel side. Sec. V gives the problem formula-
tion for two cluster models and provides simplified expressions
for the optimum beamwidth. Performance evaluations of the
extracted expressions are analyzed in Sec. VI. Finally, Sec.
VII concludes the paper.
II. SYSTEM AND CHANNEL MODEL
The optimum beamwidth problem has two sides; while
decreasing beamwidth and increasing directivity of an array
beam, (1) antenna gain increases, (2) captured energy from
the cluster channel decreases. Hence, received power on the
antenna terminals directly depends on the beamwidth.
Received power on the antenna terminals is given in [20]
as
PR = PincGλ
2
4pi
(1)
where Pinc is the power density per area front of the antenna;
G is the receiver antenna gain at maximum direction and λ
is the wavelength. Note that when an omnidirectional antenna
is employed at the receiver, whose gain is 1 at all directions,
received power equals the available total cluster power. Then,
the available power in front of the antenna can be given as
Ptot = Pinc λ
2
4pi
(2)
Fig. 1: Visualization of the optimum beamwidth problem at
the receiver
Let Pext ≤ Ptot is the extracted power from the cluster
by a directional antenna. The equality holds whenever the
beamwidth of the antenna covers entire cluster spatially1.
Then, the received power given in Eq. (1) can be represented as
a function of half-power beamwidth (∆φ) and can be updated
as
PR(∆φ) = G(∆φ)Pext(∆φ) (3)
In Fig. 1, an example diagram of the discussion is illustrated
with a comparison of two beams created by a ULA and steered
towards a cluster AoA.
Analysis of the problem requires the knowledge of spatial
representation of the intra-cluster channel. However, while
phased array antennas are well-studied in the literature and
allow us to derive antenna gain-beamwidth relation, on the
other hand, intra-cluster angular behavior of the mmWave
channels is still not understood very well. In 3GPP channel
model [15], angular distribution of cluster power is simply
modeled with a fixed number of rays with equal power levels.
In 60 GHz WLAN standards IEEE 802.11ad [16] and IEEE
802.11ay [17], a more intuitive model is adopted based on
the measurements such that the power angular spectrum is
distributed normally with N(0, σ) where σ = 5 for conference
room and cubicle environments and σ = 10 for living room
channel models. Considering the site-specific nature of the
mmWave channels, these models are likely to fail for different
type of environments.
A. Ray Tracing based Intra-Cluster Channel Model [18]
In [18], we introduce a mmWave intra-cluster model based
on ray-tracing (RT-ICM) that takes only first-order reflections
into account. The general first-order reflection cluster defini-
tion of the model is illustrated in Fig. 2. In our model, we also
1In this paper, we assume antenna beam models whose gain is 0 outside
the beamwidth. That structure is discussed in Sec. III.
3Fig. 2: First-order reflection cluster model of the RT-ICM
add the scattering effect based on the material properties. It
outputs the power distribution both in angle and time domain
within the cluster and can be used for both indoor and outdoor
mmWave systems in any type of stationary environments. In
specific, the proposed cluster channel model comprises three
main steps; namely, basic geometry modeling, theoretical clus-
ter modeling, and binned channel impulse response generation.
First, Basic Geometric Model (BGM) takes first-order reflec-
tion cluster environment parameters as inputs and generates
the supported angle spread (SAS), Sφ = φmax − φmin, at
the receiver. Second, running the BGM for each infinitely
large number of rays that are within the supported angle
spread; angle, time, power and phase of the rays are calculated;
thereby generating the theoretical cluster impulse response.
The output theoretical baseband cluster impulse response (TC-
CIR) is given by [18]
cT (tsp, φsp) = aspe
jϕspδ(tsp)δ(φsp)
+
Ndr−1∑
k=0
ake
jϕkδ(tsp − τk)δ(φsp − αk)
(4)
where asp, ϕsp, tsp and φsp are the amplitude, phase, time of
arrival (ToA) and AoA of the specular ray, respectively; ak,
ϕk, τk, αk are amplitude, phase, delay, offset AoA of the k-th
ray, respectively. δ(.) is Dirac delta function and Ndr is the
number of rays.
Finally, the theoretical impulse response is binned in the
angle and time domain according to the bandwidth and angle
resolution of the communication system. Basically, the binned
version is the impulse response that the receiver sees. We
simply call it cluster channel impulse response (C-CIR). The
diagram of the overall modeling process is given in Fig. 3.
Note that, since we are interested in estimating the received
power at the antenna terminals in this paper, i.e. before receiver
signal processing, we will use the theoretical impulse response
given in Eq. (4) as the cluster power angle profile. Then, the
total power in the cluster is given as
Ptot = a
2
sp +
Sφ
Ndr
Ndr∑
k=0
a2k (5)
Fig. 3: Flowchart diagram of the cluster channel impulse
response generation.
Fig. 4: An example cluster power angle profile of RT-ICM.
where Sφ/Ndr term is inserted for the integral approximation.
An example of a cluster angle profile output of RT-ICM is
displayed in Fig. 4 for Ndr = 75 and Sφ = 75
◦.
III. ANTENNA STRUCTURE AND GAIN
As Eq. (3) suggests, antenna gain is the counterpart of
the captured cluster power in the equation for a certain
beamwidth. Finding an expression for antenna gain as a
function beamwidth for an arbitrary array design is not easy
and out-of-scope of the paper. Instead, we adopt the well-
known uniform linear array (ULA) design where the spacings
between the elements are equal and we seek to find the
relationships between antenna gain, beamwidth, number of
elements and scan angle for a ULA.
A. Beam Pattern Model
In this paper, we use two models for the beam pattern; a
rectangular window and a triangular window, both are seen
in Fig. 5 for a steering (scan) angle of φ0. Both approxima-
tions ignore the sidelobes; thereby modeling only the main
4Fig. 5: Antenna pattern models considered in the paper.
lobe. Expressions of the shown functions for rectangular and
triangular model, respectively, are,
WR =
{
1, φ0 −∆φ/2 > φ > φ0 + ∆φ/2
0, otherwise
(6)
WT =
{
1− |φ−φ0|∆φ , φ0 −∆φ/2 > φ > φ0 + ∆φ/2
0, otherwise
(7)
It can be seen that the rectangular model amplifies the signal
at the beam edges while the triangular model attenuates. From
that perspective, one can consider the rectangular model as the
upper bound whereas the triangular model as the lower bound.
B. Antenna Gain vs. Beamwidth
Since the efficiency of phased array antennas are almost per-
fect [21], we use antenna gain and directivity interchangeably,
i.e. G = D. Then, for uniform excitation of the elements2,
antenna gain at an arbitrary scan angle 0◦ < φ0 < 180◦ for
ULA, with an inter-element spacing of d = λ/2, is given as
[21]
G = N (8)
where N is the number of antenna elements. Eq. (8) simply
states that the antenna gain equals the number of elements
and is independent of scan angle for a fixed number of array
elements. However, the beamwidth changes with scan angle
and is given in degrees for d = λ/2 as [19], [20]
∆φ =
101.5◦
N sinφ0
(9)
for 0◦ < φ0 < 180◦. At exactly endfire, i.e. φ0 = 0◦, 180◦,
∆φ = 152.53◦/
√
N .
Combining Eq. (8) and (9), the ULA antenna gain as a
function of beamwidth, with uniform weighting, for d = λ/2,
can be given as
G =
101.5
∆φ sinφ0
(10)
for 0◦ < φ0 < 180◦ and the endfire gain is given as G =
(152.53◦/∆φ)2.
2Or rectangular window tapering for window-based array designs
IV. ANGULAR DISTRIBUTION OF TOTAL POWER AND
EXTRACTED POWER
In this section, we give expressions for the extracted power
by a ∆φ-beamwidth antenna (Pext(∆φ)) using the power-
angle spectrum of two cluster channel models, IEEE 802.11ad
and RT-ICM. To be comparable, we use the same total power,
Ptot, obtained from RT-ICM in Eq. (5) for both cluster models.
A. Extracted Power for IEEE 802.11ad Cluster Model
Letting φcl is the cluster AoA, p.d.f. of the angular
distribution of a cluster is given in [16] as f(φ) =
1/(
√
2piσ2)e−(φ−φcl)
2/(2σ2). Normalized power that is cap-
tured by the beam that is steered to φ0 with a beamwidth ∆φ
can be obtained by
ρ =
∫ φ0+∆φ/2
φ0−∆φ/2
W (φ)f(φ)dφ (11)
where W (φ) is the beam shape defined in Sec. III-A,
W (φ) = WR for rectangular and W (φ) = WT for triangular
model.
Then the average extracted power from the cluster for IEEE
standard model becomes
P stext = Ptotρ (12)
B. Extracted Power for RT-ICM
In RT-ICM, a cluster is generated totally by a single-
order reflection and a reflector creates only one cluster. With
this assumption, the strongest component in a cluster is the
specular reflection which yields that the specular ray AoA can
be set as the cluster AoA, i.e. φsp = φcl.
In [18], rays within the angle spread are equally-separated
with a fixed spacing, ∆α. Then, the number of rays that drops
within ∆φ is Nb = b∆φ/∆αc. Then, the extracted power for
RT-ICM can be given in the same discrete angle domain as
P rtext = a
2
sp +
∆φ
Nb
m+Nb−1∑
k=m
a2k (13)
where m = arg{ak|ak = φ0 − ∆φ/2 + dφ, k =
0, 1, . . . , Ndr } and dφ ≥ 0 is the minimum continuous angle
that requires to select the first ray within the beamwidth.
The optimization of the beamwidth requires to take the
derivation of Eq. (13) with respect to ∆φ. However, ∆φ is
in the argument which makes the derivation hard. Instead, we
give an alternative approach via approximation.
a) Gaussian Approximation: In [18], the diffuse scatter-
ing loss is modeled with a raised cosine function which results
in a Gaussian-like received power spectrum in the spatial
domain in the linear scale. Hence, we seek to fit a Gaussian
function to the power angle profile output of RT-ICM. The
Gaussian function is of the form g(φ) = ue(φ−x)
2/v2 where
the parameters u, v and x control the peak, the width and the
mean of the function, respectively. We select these parameters
such that the resultant function fits best to the data. An
algorithm is proposed for Gaussian fitting in [22]. Then, the
extracted power with a beamwidth ∆φ is obtained by
5P rtext =
∫ φ0+∆φ/2
φ0−∆φ/2
W (φ)g(φ)dφ (14)
V. PROBLEM FORMULATION
In case of an imperfect channel knowledge, cluster angle of
arrival, φcl, is estimated with an error. Additionally, a quan-
tization error is introduced at the receiver when a codebook
is implemented for beamforming. Then the total misalignment
error at the receiver can be defined as3 δ = |φ0 − φcl|. We
first set up the problem formulation with W (φ) = WR.
A. IEEE 802.11ad
Plugging antenna gain and extracted power equations in Eq.
(10) and (12), respectively, into Eq. (3),
PR(∆φ) =
101.5◦
∆φ sinφ0
Ptotρ (15)
where ρ is integral given in Eq. (11). From [23], the integration
of a Gaussian can be defined with the error function (erf ).
Then,
ρ =
∫ φcl+δ+∆φ/2
φcl+δ−∆φ/2
WR(φ)
1√
2piσ2
e−
(φ−φcl)2
2σ2 dφ
=
1
2
(
erf
(
∆φ+ 2δ
2
√
2σ
)
+ erf
(
∆φ− 2δ
2
√
2σ
))
(16)
where erf(z) = 1
√
2pi
∫ z
0
e−y
2/2dy. Plugging into Eq. (15),
the received power can be given as following:
PR(∆φ) =
50.75Ptot
∆φ sinφ0
(
erf
(
∆φ+ 2δ
2
√
2σ
)
+ erf
(
∆φ− 2δ
2
√
2σ
))
(17)
such that 0 < ∆φ.
1) Maximization of PR: We seek to find the optimum
∆φ = ∆φopt that maximizes the Eq. (17). Since Ptot and
sinφ0 are positive and scaling doesn’t affect the optimization,
the problem can be reduced to the following:
max
erf
(
∆φ+2δ
2
√
2σ
)
+ erf
(
∆φ−2δ
2
√
2σ
)
∆φ
(18)
Making an argument whether the Eq. (18) is concave is not
straightforward. To investigate the concavity of the function,
we apply Second Derivative Test which is summarized as
follows. If q′(z0) = 0 and q′′(z0) < 0, then z0 is the
local maximum of the function q(z). The simplified conditions
derived from the first and the second derivatives of the Eq. (18)
are given in Eq. (19) and (20) at the top of page 6, respectively.
The details are placed in Appendix A.
Due to the erf function, no closed-form is available for Eq.
(19), thus, solving it for ∆φ > 0 is performed numerically,
for fixed δ and σ. The function has always 2 roots, one at the
infinity. Plugging the roots to Eq. (20), it can be seen that the
3Absolute value is inserted to keep the error positive as all the functions
used in the analysis are symmetric.
condition fails for the infinity root. Furthermore, it is counter-
intuitive to have the infinitely large ∆φopt for the maximized
received power. In fact, this root is the local minimum of the
function which minimizes the received power.
An example simulation of the PR in linear scale with respect
to ∆φ for different δ values are given in Fig. 6 where Ptot =
1.2µW , σ = 5◦ and φ0 = 53◦. It can be seen that the second
derivative test would result in the single local maximum, i.e.,
global maximum. This leads to the following remark.
Remark 1: There exists a unique ∆φ > 0 that satistifies
the both conditions in Eq. (19) and (20) for the given δ and σ
such that δ > σ. This unique value is the optimum beamwidth,
∆φopt, that maximizes the received power for the given δ and
σ.
Also, to be proven in the simulation results in Sec. VI, we
propose another important remark:
Remark 2: The following statements are always true. (1)
When δ >
√
2σ, ∆φopt > 2δ, (2) When δ ≤ σ, ∆φopt = 0.
To get the insight of the results, consider the diagram given
in Fig. 7. The relation between δ and σ has a significant effect
on the value of ∆φopt. As long as δ ≤ σ, it is enough for the
antenna to capture a little from the first σ region of the channel
spectrum and antenna gain dominates the maximum received
power. However, once δ > σ, channel gain that is captured
from the tail is considerably small such that even the antenna
gain cannot tolerate. Hence, regardless of δ, the maximum
received power is achieved only when the beam captures from
the first σ region of the channel spectrum. Furthermore, if
δ >
√
2σ, beam should cover the center of the cluster. That
is, ∆φopt/2 > δ, or ∆φopt > 2δ.
Finally, once optimum beamwidth is determined, maximum
received power can be obtained by plugging ∆φopt into Eq.
(17),
Pmax = PR(∆φopt) (21)
B. RT-ICM
Apparently, the equations, given in Eq. (12) and (14), are
equal with different notations. Hence, skipping the intermedi-
ate steps, received power for RT-ICM is given as
P rtR (∆φ) =
50.75uv
√
pi
∆φ sinφ0
(
erf
(
∆φ+ 2δ
2v
)
+ erf
(
∆φ− 2δ
2v
))
(22)
Maximization procedure of P rtR (∆φ) is analogous to the
802.11ad case. In fact, setting σ = v/
√
2 in Eq. (19) and
(20), conditions for RT-ICM can be provided.
Note that the IEEE 802.11ad standard sets σ to a fixed value
for specific environments whereas RT-ICM generates different
v for each cluster. In any way, after getting v, one can convert
it to σ and use the same notation with 802.11ad.
6∆φ
(
e−(∆φ+2δ)
2/8σ2 + e−(∆φ−2δ)
2/8σ2
)
− σ
√
2pi
(
erf
(
∆φ+ 2δ
2
√
2σ
)
+ erf
(
∆φ− 2δ
2
√
2σ
))
= 0 (19)
∆φ(∆φ(∆φ+ 2δ) + 8σ2)
e(∆φ+2δ)2/8σ2
+
∆φ(∆φ(∆φ− 2δ) + 8σ2)
e(∆φ−2δ)2/8σ2
>
(
erf
(
∆φ+ 2δ
2
√
2σ
)
+ erf
(
∆φ− 2δ
2
√
2σ
))
(20)
Fig. 6: Received power in case of misalignment for σ = 5 and
Ptot = 1.2µW .
Fig. 7: Optimum beamwidth in case of misalignment.
C. Asymptotic Analysis of Perfect Alignment
It is already shown that ∆φopt = 0 when δ ≤ σ. Note that
infinitely many elements (N = ∞) are required to achieve
∆φopt = 0, which is impractical. In this section, we perform
an asymptotic analysis of the maximum achievable received
power while ∆φopt → 0 and provide an expression that results
in practical beamwidth values that captures a percentile of the
maximum achievable power. We perform the analysis with the
802.11ad model but give the counterpart expressions for RT-
ICM at the end of the section as well.
To simplify the analysis and create a generic expression for
any σ, let us assume δ = 0, i.e. φ0 = φcl. Then from Eq. (11),
for W (φ) = WR, ρ becomes4,
4It can also be verified by plugging δ = 0 in Eq. (16).
ρ = erf
(
∆φ
2
√
2σ
)
(23)
Plugging into Eq. (15), received power equation simplifies
to,
PR(∆φ) =
101.5Ptot
∆φ sinφ0
erf
(
∆φ
2
√
2σ
)
(24)
1) Maximum Received Power: We now seek to find the
maximum received power as the limit ∆φ→ 0. Eq. (24) is in
the 0/0 indeterminate form for ∆φ = 0. Applying L’Hopital
rule, the maximum achievable received power is
P tmax = PR(0) =
40.5Ptot
σ sinφ0
(25)
Intermediate steps are given in the Appendix B.
2) Optimum Practical Beamwidth: Note that the maximum
received power given in the Eq. (25) is theoretical. Achieving
very small beamwidth requires impractically high number of
antenna elements as the relation given in Eq. (9) suggests.
However, we can keep the beamwidth in practical ranges while
sacrificing subtle from the received power.
Let 0 < η ≤ 1 be the coefficient such that
P tη = ηP
t
max (26)
where P tη is the η-percentile power of the P
t
max. Then, from
Eq. (24),
101.5Ptot
∆φ sinφ0
erf
(
∆φ
2
√
2σ
)
= P stη = η
40.5Ptot
σ sinφ0
(27)
Simplifying the equation and setting ∆φ = ∆φη , i.e.
practical η-percentile beamwidth,
∆φη
erf
(
∆φη
2
√
2σ
) = 2.5σ
η
(28)
Similar to the imperfect alignment case in Eq. (18), Eq.
(28) shows that the optimum beamwidth depends only on the
angle spread of the cluster while total cluster power and the
scan angle has no effect at all. However, different from the
imperfect alignment, an approximate solution can be provided
for Eq. (28). Expanding the erf(z) function to Taylor series
such that erf(z) = 2
(
z − z3/3 + z5/10− z7/42 + . . .) /√pi
where z = ∆φ/
√
8σ, we can approximate it ignoring the high
order terms when ∆φ/
√
8σ < 1. Referring to Appendix B
for the derivation, the η-percentile beamwidth can be given,
approximately,
∆φη ≈ 4.89 σ
√
1− η (29)
As shown in the simulation results section, Eq. (29) provides
a strong yet simple tool to determine the optimum beamwidth
7TABLE I: Asymptotic Analysis of Pmax and Performance
Comparison of 802.11ad and RT-ICM
η-percentile ∆φst Nst ∆φrt Nrt
0.999 0.8◦ 166 1.0◦ 126
0.99 2.5◦ 52 3.2◦ 40
0.95 5.6◦ 23 7.3◦ 18
0.9 8.1◦ 16 10.6◦ 12
0.75 14.0◦ 10 18.3◦ 7
0.5 24.7◦ 6 32.3◦ 4
within the practical limits. However, once ∆φ >
√
8σ,
approximation of the error function starts getting apart from
the real value. Setting ∆φ ≤ √8σ as the support region of
∆φ, from Eq. (29),
4.89 σ
√
1− η ≤
√
8σ
η ≥ 0.667 (30)
which provides the lower bound accuracy limit of the Eq. (29).
Finally, to prove that Eq. (29) results in practical beamwidth
values for conference room environments, from Eq. (30) and
(33), beamwidth is given in the support range of ∆φη ≤ 14.10
which can be achieved at the broadside using N ≥ 8 antenna
elements.
Plugging the given standard deviation for conference room
environments [16] σ = 5, Eq. (25), (28) and (29) becomes
P stmax =
8.1Ptot
sinφ0
(31)
∆φst
erf
(
∆φst
10
√
2
) = 12.5
η
(32)
∆φst = 24.45
√
1− η (33)
Due to the similar discussion made in Sec. V-B, we just
give the RT-ICM counterpart expressions here. With notation
changes, received power equation becomes
P rtR (∆φ) =
101.5◦uv
√
pi
∆φ sinφ0
erf
(
∆φ
2v
)
(34)
The maximum received power for the RT-ICM is
P rtmax =
101.5u
sinφ0
(35)
Exact equation for the practical η-percentile beamwidth,
∆φη , for the RT-ICM,
∆φrt
erf
(
∆φrt
2v
) = v√pi
η
(36)
and its approximation for ∆φ ≤ 2v,
∆φrt ≈ 3.46 v
√
1− η (37)
Table I shows a case study with a cluster in a typical indoor
environment. The total power, Ptot in dBm is calculated via
RT-ICM to be −29.09. Scan angle is, φ0 = 53◦ and SAS
is Sφ = 72.2◦. Corresponding Gaussian fitting parameters
for RT-ICM are u = 6.43 × 10−5 and v = 9.23 (or
σ = 9.23/
√
2 = 6.52). Then, from Eq. (31) and (35), and
converting to dBm, P stmax = −19.15 and P rtmax = −20.87 both
in dBm. In Table I, we calculate ∆φst and ∆φrt numerically
using Eq. (32) and (36), respectively. Associated required
number of elements to create the beamwidths, Nst and Nrt
are computed using Eq. (9). While infinite number of antenna
elements are required to achieve asymptotic values of the
received power, Table I shows that high percentile powers can
be obtained via practical values of N . On the other hand, it can
be seen that for η ≥ 0.95, in spite of the beamwidth difference
between 802.11ad and RT-ICM is subtle, the difference in
the required number of elements is increasing significantly.
That proves that the hardware complexity to achieve optimum
beamwidth value is directly related (and sensitive) to the
correct estimation of the cluster parameters such as angle
spread.
D. Triangular Beam Model
Throughout the paper, we used the rectangular beam model
given in Eq. (6) so far for all the analysis. In this section, we
update the main equations for triangular beam model given
in Eq. (7) and provide the difference with respect to the
rectangular beam model.
Remark 3: Following statements are true for both perfect
and imperfect alignments: (1) ∆φopt doesn’t depend on the
main lobe beam model. (2) The difference in maximum
achievable power is 1.23 dB.
Starting from the perfect alignment, Eq. (11) is calculated
as following:
ρ =
∫ φcl+∆φ/2
φcl−∆φ/2
WT f(φ)dφ
= erf
(
∆φ
2
√
2σ
)
−
√
2(1− e−∆φ2/8σ2)√
pi∆φ
(38)
Plugging into Eq. (12), skipping intermediate steps, received
power is obtained as
PR(∆φ) =
101.5Ptot
∆φ sinφ0
erf
(
∆φ
2
√
2σ
)
−81Ptotσ(1− e
−∆φ2/8σ2)
sinφ0∆φ2
(39)
Note that the first term is the PR(∆φ) for the rectangular
beam model given in Eq. (24) which is maximum at ∆φ = 0.
On the other hand, the second term is always positive and
minimized at ∆φ = 0. This proves that the Pmax is at ∆φ = 0.
Taking the limit while ∆φ → 0, theoretical maximum power
with the triangular model is
P tT,max = PR(0) =
30.5Ptot
σ sinφ0
(40)
Comparing with the rectangular model in Eq. (25), the
difference is
10 log
(
P tmax/P
t
T,max
)
= 1.23 dB (41)
Since the result doesn’t depend on any parameter, it is also
true for the RT-ICM case.
The proof for the imperfect alignment is performed via
simulation as the difference equation is computed numerically
due to the erf.
8Fig. 8: Accuracy of second derivative test method in case of
misalignment and δ − σ relation effect on ∆φopt.
VI. PERFORMANCE EVALUATION
In this section, we give the plots that illustrate the perfor-
mance of the given analytical expressions by comparing with
the simulations. We use the 802.11ad Gaussian notation for
the performance results, but, to show the difference between
fixed versus exact σ, we refer 802.11ad for fixed, RT-ICM
for the true value. As both models agree for indoor mmWave
clusters, we scan a range of 3◦ to 10◦ for σ.
In the first plot, we measure the accuracy of the method
that uses the Second Derivative Test when finding the ∆φopt
in case of misalignment, given in Sec. V-A1. As seen from Fig.
8, optimization results for ∆φopt perfectly match to simulation
results for different values of σ and δ, as stated in Remark 1.
On the other hand, note that ∆φopt → 0 rapidly while δ ≈ σ.
Also, it can be seen that ∆φopt > 2δ once δ ≥
√
2σ. This
concludes the proof of Remark 2.
Fig. 9 shows how the maximum received power given in Eq.
(21) changes in dB scale with variation in δ for four different
σs. In the figure, the received power is normalized with Ptot.
As seen, once δ > σ, Pmax drops exponentially and becomes
the dominant degradation factor. However, even with a large
δ, using a ULA has still advantages over an omnidirectional
antenna. On the other hand, as δ ≈ σ, Pmax reaches to its
max level. Although not shown here, for δ < σ, it saturates
rapidly, which can be concluded from Fig. 6. That results in
the following important conclusion: As long as δ < σ, the
misalignment error is tolerable thanks to the antenna gain and
maximum power can be still achieved.
Fig. 9 also shows the effect of the steering angle φ0 to Pmax
for σ = 5. As seen, Pmax strictly depends on φ0 due to the
sin factor in the denominator. However, recall that since φ0
depends on the channel parameter φcl, user has limited control
over it.
To illustrate the performance of the analysis in the case of
perfect alignment (or δ < σ), in Fig. 10, we demonstrate the
performance of RT-ICM expressions given in Eq. (36) and
Fig. 9: Variation on the maximum achievable received power
with respect to δ for different σ and φ0.
Fig. 10: Practical beamwidth analysis performance of RT-ICM
for v = 9.23 (or σ = 6.52).
(37) with respect to the percentile power in percentage, for
v = 9.23. We use Eq. (13) to simulate the model without any
approximation, shown with a blue line in the figure. The red
curve is the resulted relation of Gaussian approximation given
in Eq. (36), also some values are given in Table I. Finally, the
orange line is for the error function approximation given in Eq.
(37) for the given condition that ∆φ ≤ 2v = 18.46. Note that
the approximation of the erf is in an almost perfect agreement
with its numeric solution within the supported range. On the
other hand, Gaussian fitting yields a result with a little error
compared to simulation. However, for example, for η = 0.99,
the beamwidth error is only 1◦.
In Fig. 11, beamwidth error due to the fixed σ = 5◦
assumption in IEEE 802.11ad model is plotted for different
percentile values. For ease of illustration, σ = 5◦ line is also
stressed. It is seen that the optimum beamwidth sensitivity
9Fig. 11: Beamwidth Error in IEEE 802.11ad model due to
fixed σ = 5◦ in the perfect alignment case.
Fig. 12: Models performance comparison in terms of required
antenna elements for perfect alignment
to σ increases if a low η is selected. For interference-limited
systems where high power and directed beams are needed, the
802.11ad model works with subtle beamwidth errors, whereas
for hardware-limited systems with a limited number of antenna
elements, the 802.11ad model may estimate the optimum
beamwidth with significant errors. Also, it is worthy to note
that the increase (or decrease) rate at the required number of
antenna elements (N ) in case of an error is the same for all
η values.
Fig. 12 demonstrates the total received power performance
of both models with respect to the number of antenna elements
that is required to create the optimum beamwidth. We plot
the simulation for two models along with their corresponding
received power equations given in (24) and (34), respectively.
The same case study, given in Sec. V-C, is used here. For the
abscissa, we use the Eq. (9) for the transformation from ∆φ to
Fig. 13: Beamwidth Error in IEEE 802.11ad model due to
fixed σ = 5◦ in the perfect alignment case.
N . In the figure, η = 0.95 percentile points are also denoted
with dotted lines. Recalling the high accuracy of the RT-ICM,
we accept the RT-ICM simulation as the most accurate curve
and compare the other realizations with it. As seen from the
figure, 802.11ad model yields ∼ 2 dB more total power both
with simulation and analytical expression, for this case study.
This effect is due to the smaller angle spread measurements of
802.11ad. It can also be confirmed from Eq. (25) where angle
spread standard deviation is inverse relation with maximum
received power. While σ = 5, fitting Gaussian function of
RT-ICM angle spread standard deviation is estimated to be
v/
√
2 = 6.52 for this case study.
On the other hand, Fig. 12 shows that the required number
of elements (N ) to create a beamwidth that would achieve %95
of the maximum total power is 13, as shown with the blue
dotted line. The Gaussian approximation of RT-ICM yields
N = 18 whereas the 802.11ad model requires 23 elements to
reach its %95 of maximum received power.
Finally, Fig. 13 and 14 show the triangular and the rect-
angular beam model comparison, for perfect and imperfect
alignment, respectively. As derived in Sec. V-D, while ∆φopt
is unchanged, Pmax reduces 1.23 dB for the triangular model.
Note the true shape of the main lobe is more like Gaussian,
and its Pmax should reside between rectangular and triangular
model as shown in Fig. 5. Hence, using the rectangular
model for the main lobe doesn’t create significant errors while
complexity in the derivation gets extremely simple.
VII. CONCLUSION
In this paper, we provide an analytical framework for the
optimum beamwidth that maximizes the received power for
indoor mmWave clusters. In the analysis, we consider the
uniform linear array (ULA) antenna type for the antenna gain,
and two beam models to approximate the main lobe array
pattern; rectangular and triangular. Expressions that relate the
beamwidth and captured cluster channel gain is provided for
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Fig. 14: Models performance comparison in terms of required
antenna elements for perfect alignment
two intra-cluster model, IEEE 802.11ad and Ray Tracing based
Intra-Cluster Model (RT-ICM) and the optimization problem
is introduced by combining the antenna gain. Both perfect and
imperfect alignment scenarios are studied. For misalignment
cases, the optimum beamwidth is found to be larger than the 2
times of the alignment error when the error is larger than the√
2 of the standard deviation of the cluster channel. For perfect
alignment, we show that the theoretical maximum received
power converges to a constant while optimum beamwidth
approaches to zero. We then provide equations that would
result in practical beamwidth values while sacrificing from
the maximum received power in the order of tenths percent-
age. Finally, we evaluate the performance of the analysis by
comparing the analytical results with simulations for an indoor
mmWave cluster. The work we propose in this paper will give
insights to the optimum antenna array design in both MIMO
and massive MIMO applications for future mmWave systems.
APPENDIX A
MAXIMIZATION OF PR IN CASE OF MISALIGNMENT
A. First Derivative
First derivative of Eq. (18) and equalize zero,
d
(
1
∆φ
(
erf
(
∆φ+2δ
2
√
2σ
)
+ erf
(
∆φ−2δ
2
√
2σ
)))
d∆φ
=
erf
(
∆φ+2δ
2
√
2σ
)
∆φ
′ +
erf
(
∆φ−2δ
2
√
2σ
)
∆φ
′ = 0
whereerf
(
∆φ+2δ
2
√
2σ
)
∆φ
′ = e−(∆φ+2δ)
2/(8σ2)√
2piσ
∆φ− erf
(
∆φ+2δ
2
√
2σ
)
(∆φ)2
erf
(
∆φ−2δ
2
√
2σ
)
∆φ
′ = e−(∆φ−2δ)
2/(8σ2)√
2piσ
∆φ− erf
(
∆φ−2δ
2
√
2σ
)
(∆φ)2
Summing up, Eq. (19) is obtained.
B. Second Derivative
Second derivative of Eq. (18) with setting smaller than
zero is given in Eq. (42) through (44). After subtraction and
modification such that the denominator is 4σ3
√
2pi(∆φ)3, the
denominator can be eliminated as it is positive and equation
results in Eq. (20).
APPENDIX B
MAXIMIZATION OF PR FOR PERFECT ALIGNMENT
A. Maximum Received Power Derivation
Derivatives of the nominator and denominator of Eq. (24)
are,
d
(
erf
(
∆φ
2
√
2σ
))
d∆φ
=
e−∆φ
2/8σ2
σ
√
2pi
d
(
∆φ sinφ0
101.5Ptot
)
d∆φ
=
sinφ0
101.5Ptot
Then, the maximum received power is
P tmax = lim
∆φ→0
PR(∆φ) =
101.5Ptot
sinφ0
e−∆φ
2/8σ2
σ
√
2pi
|∆φ=0
=
40.5Ptot
σ sinφ0
B. Optimum Beamwidth Approximation
Using the first and second term of the error function Taylor
expansion, Eq. (28) becomes
∆φη(
∆φη
2
√
2σ
− (∆φη/2
√
2σ)3
3
) = 5σ
η
√
pi
Further manipulation gives
(∆φη)
3 − (24σ2)∆φη + η(24.06σ2)∆φη = 0
Ignoring the hundredths decimal and solving the equation
for ∆φη > 0, Eq. (29) results.
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d2
(
1
∆φ
(
erf
(
∆φ+2δ
2
√
2σ
)
+ erf
(
∆φ−2δ
2
√
2σ
)))
d2∆φ
=
e−(∆φ+2δ)28σ2 + e−(∆φ−2δ)28σ2√
2piσ∆φ
′ −
erf
(
∆φ+2δ
2
√
2σ
)
+ erf
(
∆φ−2δ
2
√
2σ
)
(∆φ)2
′ < 0 (42)
e−(∆φ+2δ)28σ2 + e−(∆φ−2δ)28σ2√
2piσ∆φ
′ = −∆φ(∆φ(∆φ+ 2δ) + 4σ2)e−(∆φ+2δ)28σ2 −∆φ(∆φ(∆φ− 2δ) + 4σ2)e−(∆φ−2δ)28σ2
4σ3
√
2(∆φ)2
(43)
erf
(
∆φ+2δ
2
√
2σ
)
+ erf
(
∆φ−2δ
2
√
2σ
)
(∆φ)2
′ = ∆φ
(
e
−(∆φ+2δ)2
8σ2 + e
−(∆φ−2δ)2
8σ2
)
− 2√2piσ
(
erf
(
∆φ+2δ
2
√
2σ
)
+ erf
(
∆φ−2δ
2
√
2σ
))
σ
√
2pi(∆φ)3
(44)
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